This paper presents a new family of localized orthonormal bases -sinlets -which are well suited for both signal and image processing and analysis. One-dimensional sinlets are related to specific solutions of the time-dependent harmonic oscillator equation. By construction, each sinlet is infinitely differentiable and has a well-defined and smooth instantaneous frequency known in analytical form. For square-integrable transient signals with infinite support, one-dimensional sinlet basis provides an advantageous alternative to the Fourier transform by rendering accurate signal representation via a countable set of real-valued coefficients. The properties of sinlets make them suitable for analyzing many real-world signals whose frequency content changes with time including radar and sonar waveforms, music, speech, biological echolocation sounds, biomedical signals, seismic acoustic waves, and signals employed in wireless communication systems. Onedimensional sinlet bases can be used to construct two-and higher-dimensional bases with variety of potential applications including image analysis and representation.
Introduction
Many real-world applications are increasingly becoming signal-processing intensive, which stimulates the search for new more efficient signal representations and mathematical techniques. In the past, significant advances in signal processing have been made by reconsidering constraints and limitations imposed by the state of technology as it progresses as well as by reformulating old problems in new conceptual terms and thus bringing new mathematics into play to tackle them. The goal of this paper is to add a new mathematical instrument into the toolbox of contemporary signal processing by introducing a fresh family of localized orthonormal bases which we will refer to as sinlets or sinlet bases. Sinlet basis is a natural alternative to the Fourier transform (FT) for square-integrable transient signals with infinite support. Sinlets are closely related to some specific solutions of the equation that governs behavior of a time-dependent harmonic oscillator (TDHO), with the convenient feature of being well-localized and having infinite support at the same time. Furthermore, by construction, each sinlet has a well-defined and smoothly-varied instantaneous frequency known in analytical form, and decomposition of a square-integrable real transient into sinlets requires knowledge of only a countable set of real-valued coefficients. Approximate representation of a suitable transient signal can be achieved with much fewer coefficients than it is possible with the FT provided the same level of accuracy. These and other properties of sinlets to be discussed in this paper make them suitable for analyzing many real-world signals whose frequency content changes with time. The examples include (but are not limited to) radar and sonar waveforms, music, speech, biological echolocation sounds, biomedical signals, seismic acoustic waves, and waveforms utilized in wireless communication systems. Additionally, one-dimensional sinlet bases can be easily extended to turn into two-and higher-dimensional bases, with a wide variety of potential applications including image analysis and representation.
Over the past several decades, a number of new signal representations have been found, the best-known being wavelets [1] , wavelet packets, cosine packets [2] , Wilson bases [3] , ridglets [4] , curvelets [5] , and shapelets [6] . However, none of these or other acknowledged signal representations can be considered as a 'silver bullet' well-suited for all cases of interest. Sinlets may not turn out to be an exception in this list. The detailed comparison analysis of sinlet bases versus other known transforms and representations is beyond the scope of this paper. Nevertheless, the convenience and elegance with which some important problems in signal processing can be reformulated and then solved using sinlets, as shown below, suggests that this novel signal representation is promising and deserves serious consideration.
The paper is organized as follows. Section 2 presents sinlets and their basic properties. Examples of sinlet-based techniques for signal denoising, nonuniform sampling, envelope construction, numerical differentiation, scaling, and efficient storage are given in Section 3. Finally, Section 4 provides examples of use of 2D sinlets in the field of image representation and analysis.
Sinlets -Localized Orthonormal Bases

Time-dependent Harmonic Oscillator
We begin with considering a classical harmonic oscillator with time-dependent frequency whose behavior is governed by the TDHO equation (TDHOE): [7] , yield good approximate solutions under certain favorable conditions. However, one can generate an unlimited number of pairs (TDHOE, its exact solution) using the technique described in detail in [8] . To obtain such a pair, we first write down the solution
where A is a positive real constant, and ) (t θ denotes a phase function which is assumed to have positive derivative everywhere ( 
where
We can then select a phase function ) (t θ in analytical form such that it has continuous derivatives up to a third order at least along with the positive firstorder derivative everywhere. Substituting this phase function into (2) and (3), we obtain a sought-for pair (TDHOE, its exact solution in analytical form).
Few remarks about SD are in order. The Schwarzian derivative appears in many apparently unrelated areas of mathematics, from differential equations to one-dimensional dynamics to differential geometry of curves (where it has a geometric interpretation in terms of curvature) to the theory of conformal mapping, etc. [9, 10] . The noteworthy feature of SD is that it is zero only for functions that are linear fractional transformations of the argument, i.e., 
Definition of Sinlets
Now we are ready to employ the method described above for construction of a localized orthonormal basis from eigenfunctions of a specially designed TDHOE.
a Mother-Phase and form a family of her children as follows
Then an orthonormal basis is given by a set of functions generated according to the formula
These functions are centered around 0 t and are localized within a window of size determined by parameter σ . 
Proof. As shown previously, functions
, the condition #2 of the Theorem is a necessity because it makes the cosine term in the formula for ) (t x n vanish when ±∞ → t while the derivative n θ & (in the denominator) also tends to zero in the same limits.
We have 
Equation (9) with conditions (10) is recognized as the Sturm-Liouville system [11] with well-known property that its eigenfunctions ) (t x n corresponding to distinct eigenvalues n λ are orthogonal relative to the weight function 0 )
& with distinct indexes are orthogonal relative to the weight 1. To build an orthonormal set from these functions, we need to find normalization factors n A : 
The choice of signs of functions of an orthonormal set is not important because sign alterations do not change the orthonormality. Therefore, for simplicity sake, we omit the minus sign in r.h.s. of (13) Note that formula (7) presents sinlets in a polar form making it easy to introduce instantaneous amplitude and instantaneous frequency of a sinlet. The amplitude turns out to be the same for all sinlets generated from the same MotherPhase:
The sinlet's angular instantaneous frequencies are defined by
and sinlet's instantaneous frequencies are given by The explicit expression for the sinlets of this family is given by:
First eight sinlets of family (19) t (a.u.) 
and first few of them are shown in Figure 2 . The explicit expression for the sinlets of this family reads (23) t (a.u.) ). To represent this signal by a weighted sum of sinlets, one has to optimally select (1) a center 0 t , (2) an appropriate width parameter σ , and (3) a total number of sinlets 1 max + n to be employed. These choices are signal-specific but some general rules of thumb can be employed as follows (1) Choice of 0 t :
provided that the integral in the nominator exists.
(2) Choice of σ :
where constant
, and we have assumed that the integral in the nominator exists. 
where max t is the maximal value of the argument at which ) (t u is still nonnegligible (in a sense specific for the application), i.e. 
where the real-valued generalized Fourier coefficients n a are given by 
Associated Orthonormal Bases: Coslets
Let us define a localized orthonormal bases which are closely associated with sinlets and differ from them by replacement of sinusoids with cosinusoids:
We will refer to functions of type (33) as coslets. The orthonormality of coslets can be checked by straightforward calculation. It is also easy to obtain the following relationship ( ) Here we have assumed that both sinlets and coslets are generated from the same Mother-Phase and have the same values of parameters 0 t and σ , respectively. However, notice that the result (34) is independent from either 0 t or σ . Figure 8 shows first seven sinlets of family (23) with the corresponding coslets. This representation is akin to analytic representation based on the Hilbert transform (HT) [14] and it can be employed for detection of signal's envelope as will be shown later. Figure 9 presents the first seven functions n Ψ based on sinlets of the family (23). 
Connection between Decompositions into Sinlets and Coslets
Decomposing the same square-integrable signal ) (t u into sinlets and coslets, one can find the relationship between two sets of generalized Fourier coefficients. Indeed, assuming that signal ) (t u can be accurately represented by a finite number 1 max + = n N of sinlets and, alternatively, by a first N coslets with the same parameters 0 t and σ , we obtain ) ( ) ( 
where ) , , , ( 
Analyses of One-dimensional Transient Signals
In this Section, we present several applications of sinlets and coslets for processing and analysis of one-dimensional transient signals.
Sinlet Based Denoising
Consider a transient signal contaminated by an additive white Gaussian noise as shown in Figure 10 . If we wish to remove the unwanted noise from the signal, we can simply decompose it into an appropriate small number of first sinlets (or coslets). (23) Results of applying this technique to denoising of the artificial signal of Figure 10 are shown in Figure 11 , see figure captions for details.
Non-uniform Sampling
Non-uniform (a.k.a. non-equidistant, irregular, staggered, uneven) sampling often is used intentionally or by necessity in various applications from radar and sonar to sensor networks to medical data collection to astronomical time series. Given a series of N sample values n x sampled non-uniformly at times n t from a continuous-time transient signal
), how can we find the accurate representation of this continuous signal, ) (t u ?
Assume that the signal under consideration can be approximated by a linear superposition of K sinlets with parameters 0 t and σ :
Now the problem boils down to finding ) , , , ( 
Assuming that K < N, matrix F has a rank K (it contains K linearly independent columns) and hence the system (40) is overdetermined. The approximate solution, in the least squares sense, is given by the formula [13] Figure 13 shows the results of signal reconstruction for the case when samples are contaminated by additive white Gaussian noise (N = 300; K = 32). The reconstructed signal is in good agreement with the original one. 
Envelope Detection
Envelope detection is one of the most common tasks in signal processing applications. HT is often used for this purpose. Here we present a novel method for calculating envelope of a square-integrable transient signal ) (t u based on decomposition into sinlets or coslets. Let ) ; ( ) ( 
Numerical Differentiation
In many applications, it is desired to estimate the derivative of a function given its noisy values. This is an ill posed problem since small perturbations of the function result in large errors in its estimated derivative. Here we show how the new method based on decomposition of a transient square-integrable signal into sinlets can yield very accurate and robust estimation of signal's derivative even in presence of significant additive noise (which is not considered as part of the signal and hence must be filtered out).
We start by assuming that, in the absence of noise, the signal we want to differentiate can be accurately represented as a weighted sum of first N sinlets ) ; ( ) ( Hence, once the generalized Fourier coefficients n a are found, they can be used immediately to calculate the signal derivative. General formula (44) can be rewritten in especially simple form if we use sinlets (and associated coslets) of the family (19): Higher-order derivatives of transient signals can be estimated along similar lines.
Waveform Scaling and Efficient Storage
One of the useful features of sinlets is their scaling property expressed as ) ; ( ) ); ( (
where α is an arbitrary positive real number. This property comes in handy when one wants to emulate Doppler distortion of waveforms transmitted by radar or sonar. Indeed, for a point target moving with a constant velocity, the returned signal depends on two parameters: (i) a round-trip time delay and (ii) a Doppler scale caused by relative velocity between the radar/sonar and the target. Assuming both transmitted and echo signals are normalized to have the same energy, one can express the returned signal as [15] )] ( [ ) ( 
Analyses of Images with 2D Sinlets
Definition of nD Sinlet Bases
One-dimensional sinlet bases can be easily generalized to form two-and higherdimensional localized orthonormal bases. 
The proof of the orthonormality of functions
Φ is straightforward and is omitted for space sake. Figure 18 depicts several first two-dimensional orthonormal functions generated from the one-dimensional sinlets of family (23) One can also construct nD localized orthonormal bases using onedimensional coslets instead of sinlets in a similar fashion. 
Image Representation with 2D Sinlets
Representation of images is the first application that comes to mind when thinking about possible utilizations of 2D sinlet bases. Figures 19, 20, and 21 show examples of such image representations and clearly demonstrate the property of sinlets to facilitate image lossy compression. Notice that the least data compression ratio (DCR), defined as a ratio of compressed and uncompressed sizes, is achieved for the image with large uniform areas depicted in Figure 20 . The detailed comparison analysis of sinlet-based and other known image compression techniques is beyond the scope of this paper and will be published elsewhere. 
